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Abstract. This paperaims at a mathematicalfoundation of flexible information
processingarchitectureghat supportthe mobility and dynamicsof systemsby a
formal system model.

Index terms. Software Engineering,SystemModels, Formal Methods, Mobility,
Dynamic Systems

1. Introduction

In this paperwe work out a theoreticalfoundation for dynamic systemsarchitecturesFor
information processingsystemsof today and of tomorrow dynamics and mobility are key
issues. We are aimirgf a formal modelin this paperthat allows us to give precisedefinitions
for key notionsthat arisein this contextthe dynamics of nets andthe dynamics of distributed
systems. We are interested in a precise definition, description and in the matherftaticddtion
of thesenotions and, moreover,in modeling the following technicalkey conceptsin system
structures:

» anet modelsa distributedsystemof componentsnteractingin parallel and connectedby
communication channels,

* acomponent is calletinamic, if it can change its (syntactic) interfacensistingof its active
input and output channels,

» anetis calledlynamic if it changes its structure (its set@fistingcomponentandits setof
channels) during its lifetime, otherwise it is calétic,

In the following we formalize thaotionsintroducedabove.We give a mathematicamodelthat
allows us to capture the mentioned aspects.

2. Component Models: Interface Models by Streams

A (system)component is an active information processingunit that communicateswith its
environmenthrougha setof input and outputchannelsThis communicationtakesplacein a
(discrete) time frame.

*) Part of this work was carried out within the ForschungsverbundrorSoft, sponsoredby the Bayerische
Forschungsstiftung.



As a basic model for the behavior of system components welasienson timed streams.
We model the time flow in systems byaguencef time intervals.Let M be a setof elements
called messages. Timed streams model communication histor@sianunicatiorchannelsoy
aninfinite sequencef finite sequencesf messagegfor a rigoroustreatmentsee [Broy 95]).
Each finite sequence represents the sequence of messages communicateghariibidaatime
interval. On the basis of this simple model ave ableto introducea quite flexible notationthat
we will use throughout this paper in specifications and for our models.

By M« we denotethe set of infinite sequence®f elementsof the set M, which can be
represented by functiod&\{0} - M, by M* we denote the seif finite sequencesf elements
from M. Using this notation, by

(M)
we denotethe set of infinite sequence®f finite sequenceswhich can be representedby
functionsIN\{0} - M*, also called streams of finite sequences of elements of the set M.

x;: T, : y T,
X, T, Y. T,
_— -

Fig. 1 Graphical representation of a component as a data flow node with input chgnnelsgand output
channels y, ..., y, and their respective types

Let | bethe setof input channelsand O be the setof output channels.Formally a channelis
nothing but an identifietWith everychannelin the channelsetl [0 O we associatea datatype
indicatingthe type of messagesenton that channel.For simplicity, in the following we use
uniformly only one set of messages denoted bseptesentinghe datatypesfor the messages
on the channeldo keepthe mathematicgnore readable Our approachhowevergeneralizedo
individually typed channels in a straightforward way.

By the pair (I, O) the syntactic interface of a systemcomponenis representedA graphical
representation of a component with its syntaictierfaceand individual channeltypesis shown
in Fig. 1.

We describethe black box behavior of a componentby an 1/O-function. It representsa
relation betweernthe input streamsandthe output streamsof a componentthat fulfills certain
conditions with respect to their timing. An 1/O-functioraiset-valuedunction on valuationsof
the input channelsby timed streams.The function yields a set of historiesfor the output
channels for every input history. This way, an I/O-function is a function

F (- (M)®) - OO - (M¥)®)

which fulfills the followingtiming property. The timing propertyaxiomatiseghe time flow and
reads as follows:

D Another option is to use nontimed streams, especially, when dealing with systemsinvhdsenot an issue.
However, evenfor thesesystemsit is often convenientto be able to talk about time, especially, when
combining such systems with time dependent components.



xit=zitOd {yit+l: yO F(X)} = {y | t+1: y O F(2)}

For a streams, sl t denoteshe sequencehatis the prefix of the streams and containst finite
sequencesin other words, sit denotesthe communicationhistory of s until time t. This
operation is extendet historiesin C — (M*)®. whereC is a setof channelspointwise.The
timing property expresses that the set of possible otiptdriesfor thefirst t+1 time intervals
only depends on thiaput historiesfor the first t time histories.In otherwords,the processing
of messages in a component takes at least one tick of time. This way causality ghwiesmd
output is guaranteed. We call functions with this propmg-guarded or strongly causal.

By COM[I, O] we denotethe setof all strongly causall/O-functions with the syntactic
interface (I, O), that is, with the set of input channels | and the set of output channele&rh-or
F 0O COM[I, O], In(F) = I denotests setof input channelsand Out(F) = O denotesdts setof
output channels. By COM we denote the set of all strongly causal I/O-functionsakidsialata
flow behaviors.

3. A Mathematical Model of Data Flow Nets

We model distributed systems by dfitav nets.Let K be a setof identifiersfor components
(represented by data flow nodes) and O be a set of atliponelsA distributedsystem(v, O)
in the form of a data flow net with the syntactic interface (I, O) is represented by the mapping

v: K - COM

that associatesvith every node labeled by the identifier k 0 K a componentbehavior (an
interfacebehaviorgiven by an I/O-functiony’. In principle, we can think aboutthe component
associatedwvith an identifier as its type (or its class).This way we are very close to object
orientation.

The set

I = (00 {c OIn(vK): kO K)\c O Outp(k)): k 0 K}

denotes the set of input channelshd net. As a well-formednessondition we requirethat for
all componenidentifiersk, j O K (with k # j) the setsof output channelsof the components
v(k) andv(j) are disjoint. This is formally expressed by the equationv@g)(n Out(v(j)) = 9.
In otherwords, eachchannelhasa uniquely specifiedcomponentas its source(including the
environment as a source). We denote the set of K (identifiers for the) nodes of the net by

Nodes(y, O))

We denote the set of all the channels of the net by Gh&d) specified by the equation
Chan(p, O)) = O {c O In(v(k)): k O K} O {c O Out(k)): k O K}

The channels in the set
{c O Out(k)): k O KNO

are callednternal. Recall that the mappingassociates with everyodeits behaviorin the form
of an 1/0O-function.

D The fact that we use componentidentifiers gives componentgtheir unique identity over the lifetime of a
system. One may think abject identifiers.

2 We assume that the input and output arcs of each node labeled by an ideftiNeate determinedexactly by
In(v(k)) and Outy(k)) respectively.



A data flownet seenfrom the outsidedescribesan I/0O-function. This I/O-functionis called
theblack box view of the distributed systemhat is describedoy the dataflow net. It definesan
abstraction of the distributed system that is represented by thitoglateet (v, O) leadingto its
black box view by mappingit to a componenin COM]l, O]. Here | denotesthe set of input
channels and O denottee setof outputchannelsof the dataflow net. This black box view is
represented by the 1/O-function, §, 0 COM[I, O] specified by the following formula:

Fo.o) (%) ={Ylo: Yl = X[ k0K Yloutwky) E VK Yliny)) }

Here we use the notation fainction restriction.For a functiong: D — R andasetT [0 D we
denote by g} T — R the restriction of the function g to the domain T.

The formula essentiallgxpresseshat the outputhistory of a dataflow netis the restriction
of a channel evaluation for all the channels ofrtetthat s a fixpoint” for all the net equations
to the output channels.

4. Dynamic Systems

The dynamics of information processing systems is not so easy to grasp. Randnaiversal
programmableomputersystemsshow a very dynamicbehaviorby definition. They gain their
flexibility by the fact thatthey canbe programmedo computeany computableask. However,
this form of dynamicsis ratherspecific:it requireshumaninteractionby the programmer.n
contrast to this we are interested in this paper in dynamic systems with a dynamscpaitadf
the programmed system behavior.

A crucial question here is to find the appropriate level of abstragticomputingsystemso
study their dynamics.On the machinelevel, whereonly bits and bytesare processednd even
the difference between datadinstructionsdisappeardt is quite difficult to capturethe notion
of dynamicsof systemsAt this level computergprocesshit streams.Only at higher levels of
abstractionglynamicsbecomesexplicit. On very high levels of abstractionhowever,in many
cases the dynamics may no longer be explicitly visible.

Another crucial issue for an information processing system addstgiptionis the balance
betweenstaticsand dynamics.In a world without types, for instance,any behavior can be
encoded (see-calculus[Milner 91]). Typesintroducerestrictionson the systembehaviorand
this way restrict the dynamicsof systems.Obviously, it is crucial to find the right balance
between static aspects including types dywmicaspectsin systemdevelopmentye wantto
associate a number of properties, structure, and views with a system model tiagynamics
of a system, some of these views may change.

A distributed,interactive systemis called dynamic, if it changests set of componentsor
channels, its distribution structure, its topology and/or its channel connstritictureduring its
lifetime. This means that it may change step by step

* its set of existing components,

» the locations of its components,

e its set of communicationlinks and its interconnectionstructure (internal and external
channels).

Y According to the fact that we consider only time-guarded I/O-functions ibeahownthat if the I/O-function
is deterministic,thereis alwaysa fixpoint andthe fixpoint is unique.Due to time guardednesghe recursive
equations are sufficient to characterize this fixpoint and the idea of a least fixpoint is not needed.



Along these lines we can even speathmcaseof black box views of dynamicsystemsand of
dynamic componentsjf componentschangetheir syntactic interface over their lifetime. Of
course, state transition machines where the set of components and channels is a pastaté their
easily model dynamic systems.In such models,however,the distribution structureis rather
implicit. Moreover,it is difficult to arrive at modular systemmodelsthat way with cleanand
simple compositionoperators We are, however,interestedin modelswhich presentand deal
with the distribution structure more explicitly.

4.1 Dynamic Nets and Mobility

A dynamicnet typically changesdts set of componentsand its channelsduring its lifetime.
Speakingin more generalterms, a dynamic system changesits componentstructure (its
architecturepver its lifetime. In principle, thesechangesare not very difficult to model. If we
model a system by a state transitraachinewe may describethe connectiomnetworkas a part

of the state. By state transitions the state may change and so may the netigaskay we may
describestatetransitionstepswith radicalchangesof the systemstructure.However, for most
applicationswe are not interestedn radicalchangesof the network structurewithin one step.
Rather we are interested in very specific, small, relatively local changes where in one step mo:
the net structure remains unchanged and only

» one component is added or deleted, or
» one channel is added to or deleted from a component or its source and/or target is change

This leadsto the ideaof evolving networksalongthe lines of the tecalculus(see[Milner 91],
[Milner et al. 92]) or the ambientcalculus(see [Cardelli 95]) where the stepsof changesare
captured by rewriting rules. In fact, Tacalculus the meaning and behavior of dynanatworks
is specified in a purely operational way, which does not leactl@aanotion of an interfacenor
to a denotationalmodel of a dynamic system. We are interestedin the following in a
denotational model and its modularity as a basis of specification and design techniques.

Fig. 2 Static Network of Central C, Stations S1, S2 and Mobile Phones T1, T2, T3

4.1.1 Dynamics of Structure, Interface, and Behavior

We start with an exampleto illustrate the applications,notions, and goals of mobility and
dynamics.

Example: Mobile Telephone

Let us discuss the different options to deal with dynamic systems by a rather sigligh@own
examplenamely that of a mobile telephonesystemcomprisingtwo switching stations,one
central telephone exchange, and up to three mobile phones.



As shownin Fig. 2, the systemconsistsof a network which containsas componentsa
telephone central C, two switching stations S1 and S2 and three mobile phones T1, T2, and 1

Fig. 3 Dynamic Network with Three Active Mobile Phones (Inactive Channels in Grey)

In this networkthe componen(C is static(its setof active channelseverchangeshs long as
both stations are alwaytive while the componentss1, S2,T1, T2, and T3 aredynamicsince
their set of active channels may change.

Fig. 4 Dynamic Network with Three Active Mobile Phones and Changed Connection

We may model the case that mobile phones exchange their stations as illustrateeidny2the
5.

Fig. 5 Dynamic Network with Two Active Phones and One Active Switching Station

Fig. 2 givesthe staticnetwork of all possiblecomponentsandall possibleconnectionsThese
areall the connectionsand componentghat may exist over the lifetime of the system.Fig. 3
shows a systeronfigurationwhereeachphoneis activeand connectedo exactly one station.
Fig. 4 showghe resultof changingthe connectionfor telephonel2 from stationS2 to station
S1. Fig. 5 shows a configuration where telephone T2 and station S2 are inadtve casethe
central C is a dynamic component, too.



Fig. 6 Dynamic Network with an Ether Connection

Fig. 6 shows a solution where a transmission component called Ether is introducetstaa
communication bus. In thisase the systemstructureis staticand no dynamicbehavioroccurs
explicitly since the channeland messageswitching is done by the componentEther and
therefore the net appears static.

Note that there are two options to give a behaviorto the componentEther. Either the
componentEther is a merge component(also called a multiplexer) that mergesall its input
message streams and forwards them to all its output channels (broadcasting) awittisthat
connects certain inputs with certain outportst is a combinationof a filter anda merger.As a
specialcaseEthercanbe describedas a switching network that has a stateindicating exactly
which channelsare connectedThis statereflectsthe net structureasit is shownin Fig. 3to 5
explicitly. a

In a networkof the characteristicintroducedin the exampleabovethe structureof the system,
the set of existing componentsand connectionsof the componentsmay changeduring the
lifetime of the system.In fact, the exampleshowsonly two essentialaspectsof dynamics,the
dynamicsof the interface(in Fig. 5 the switching station S1 has only two (active) channel
connections to mobile phones whilekig. 4 it hasthree)andthe dynamicsof the connections
andsetsof component®f a system.In fact, we arealsointerestedn componentghat change
their functionalities by offering modified or additional services.

To modelthe dynamicsof a systemwe can describea sequenceof statesof a systemby
snapshotsln eachsnapshothe systemdistribution and communicationconnectionstructure
may change. We believe that it is important to kieagk of the individual objects(components)
during the lifetime of dynamicsystemsThis is achievedby a particular notion of identity for
eachof the componentsThis identity is capturedeasily with the help of unique component
identifiers such as in object orientationor in the Internet by the IP addressesin dynamic
systemswe are interestedto keep track of the individual componentsIf we comparetwo
snapshots ofhe systemshowingthe subnetof active componentsand channelsve obtaintwo
different nets, in general. Which of tcemponent®f thesenetsrepresenthe samecomputing
entity can be determined only by the identifiers associated with the components.

4.1.2 Mobility

Interesting aspects in dynamic systems thatlidenot mentionexplicitly in our exampleso far
are the individual steps by which the numbeécomponentxhangesExamplesare the melting
of components (making one component from several ones), the ctintegnponentgcreating
a second copy of a component), or their split (dividing a compamentvo). Thesepatternsof



system behaviors can be seerspacialcasesnf systemdynamicsthat are achievedoy naming
conventions and/or hierarchical networks. We are interéstiedat,in additionto the dynamics
of systemsa hierarchicalpartitioning of networks.We explainthis idea againby an example
showing the dynamic reconfiguration of systems.

Example: Reconfiguration

We give a very simple syntacticexamplefor reconfiguration.A reconfigurationcollects and
encapsulates different sets of componentslogations.Eachof the locationscontainsa setof
components. These sets are forming again components. As a result we get pairitigystem
that may change dynamically.

Fig. 7 Four Examples of Configuration of a Simple Net

Fig. 7 showsfour different configurationsof a simple net. Each corresponddo a particular
partition of the set of componeni&/e could also study configurationswith nondisjointsetsof
overlappingsubsystemsWe canthink aboutstepsof reconfigurationof a systemwhere such
changes appear. a

The idea of partitions gives us, in particulane handleto speakaboutcomponenimobility. By
partitions where the elements of the partitions are identified by identifiers called lovetican

speak about system state changes where one component moves from one patrtition to the ott

Configurations define system topologisd their neighborhoodgor systemsWe may ask
in such a system model if two components are in the satad the partition ("are in the same
environment”). This can be usedto allow, for instance,additional ways of interactionsfor
components that atia the samesetof the partition. Thoseaspectsare modeledin the ambient
calculus (seg[Cardelli 93).

4.2 A Formal Model for Dynamic Systems

To keepour discussionsimple we restrict our discussionto deterministiccomponentsand
systemsan the following. An extensionto nondeterministicsystemss possiblealongthe lines
of Focus [Broy 98], too.



Let I be throughoutthis sectiona (possibly infinite) set of input channelsand O be a
(possibly infinite) set of output channels.

4.2.1 Dynamic Streams

A dynamic stream represents the history of a channel that may become active andsexzetale
times through its lifetime. Given a type M (whichaar settingis simply a setof dataelements
usedas messagesye definethe setof dynamicstreamsoverthe setM by the set of streams
overM 0O {@, ©} asfollows: s is a dynamicstreamover M and we write s 0 M@ if the
following formula holds:

0t 0 N\{0}: (~a(s).tO st=o0s.tO{@} x M)
0 (a(s).tO stOM Os.tdM x{©})
where the function
a:(MO{@, &))" -~ (N - E)

is an auxiliary function with the meaninga(s).t expresseghat the streams is active at the
beginning of time intervald. is specified by the equations

a(s).0 = false
a(s).t+1 = f(s).t0-© O s.t) O (-a (s).t0 @ = ft(s.t+1) )

This definition essentialdefinesthe patternsof activation and deactivationsignals and thus
expresseshe rulesof activatingand deactivatinga channel.Note that a channelcan either be
activated and deactivated in one time interval of the system.

Streams on dynamic channehgy carry activationand deactivatiormessageslhereforethe
type of a channel indicateghetherthe channelis dynamic.Here we assumeéor simplicity that
the channels are active or inactad@vaysduring completetime intervals.So at the beginningof
each time interval (sagt time t) we havea setof activechannelghat stay active over the entire
time interval and the other channelsstay inactive throughoutthe entire time interval. For
simplicity, all dynamic channels are inactive at time 0.

We introduce a type function for sets of channels C:

type:C- T
where T is the set of all types each type in T is a set. By
C
we denote the set of all channel valuations. A channel valuafiof s a mapping
X: C > (M¥)®
where M =[1 {t: t 0 T} is the universe of all messages. We require for a channel valuation tha
x.cO (t)®

if type(c)=t . Furthermorejf we have{@, ] O type(c)thenwe requirethat x.c 0 M@ that
means that x.c is a dynamic stream.

Y Note that only due to our model of time we speakasily aboutthe "state" of the systemw.r.t. the activity
of channels.



4.2.2 Dynamic Components

A dynamic component (deterministic behavior) with the syntacinterface(l, O) corresponds$o
an 1/O-function

F:T - O

wheresomeof the channelsin | O O are dynamic. The function F modelsthe input/output
behavior of the component. On this basis we are able to define a function

a:{xit:tdNOxOIl} - O@00O0)

The functiona yields for every initial segment x of an input history x aime t a snapshothat
represents the set activechannelsOnly if a channelis activecommunicatiormay take place
along it. The only exceptions are the activation mess@gesbove).The seta(x! 0) yields the
set of channels that are active initially, which are the static channels.

The set of dynamic components is denoted by DCOM. The set of dynpampopnentwith
the syntactic interface (I, O) is denoted by DCQMD]

Note that we did not makeany assumptiongboutthe cardinality of the channelsetsfor a
component. Of course, the set of dynamic channelcofrgonentanbe infinite. Whetherwe
are interested in and allow for components aithinfinite numberof active channelds another
guestion.Certainly, for particular applicationscomponentswith an unboundedset of active
channels are of major interest.

4.2.3 Dynamic Nets

Let DCOM be the set of dynamic components. Wik with a function that assignsbehaviors
to componentidentifiers. A dynamic net consistsof a (possibly infinite) set of nodes K
(identifiers for components) and a mapping

v: K -~ DCOM

where DCOM is the set of dynamic components. Let | be the set of input channels of Tize net.
model activation and deactivation of the components in the net, we define a mapping

B:{xik: kOMNOxO I} = O(K)

This mapping indicates which components of the net are active at a givemheahannelghat
are active in the network are the active channels of the active components.

For simplicity we assumethat a components inactive, if and only if all its channelsare
inactive. We define the activity function 3 as follows:

Bx).t={kOK:OyOC: y|=x

O Ok OK: Yloutwky) U VK Yinek)))
O (OcO In(v(k)) O Outp(k)): a(y.ctt) )}

At afirst glancefor somereaderst may look strangeto work in our systemmodelwith a set
consistingof all the componentand of all the channelsthat might becomeactive during the
lifetime of a system.However,this is not so difficult and unusualas it may seemat a first
glance.In object-orientedsystemshe setof objectidentifiers determineghe set of potentially
active objects.And the syntacticstructureof the methods(wherein the body of a methoda
methodof anotherclassis called) determinegogetherwith the links betweenthe objectsthe
possibleconnectionstructure.According to this model at eachtime there exists a uniquely



defined network of active components and channels. Moreover, we may assume asatbihite
objectidentifiersfor eachclass.Thereforeeachclassrepresents&n infinite set of components
most of which being inactive in a particular state (time) of the system.

Also in other systemsit is quite commonthat the set of potentially active componentdss
determined (and bounded) by a set such as the set of potesatiadycomponentsAn example
is the Internet with its finite number of IP-addresses.

5. Conclusions

It is the main goal of this paper to demonstrate that the methoi@dsions,and conceptausedin
practicefor the modeling and descriptionof digital systemsincluding dynamicscan well be
scientifically basedon the more foundationaland theoreticalwork createdso far in computing
science.This way we obtaina mathematicabasisfor powerful systemmodeling languagesas
well as software and system engineering methods.

The benefits of such a mathematical foundation are quite obvious. In particutdotaiethis
way:

* A deeperunderstandingf the methoddeadingto helpful "Gedankenmodelle’basedon
the mathematical models.

* Better description techniques for dynamic systems.

» The conceptualconsistencyof description and developmentmethods for developing
dynamic and mobile systems.

» The mathematicalbasis that can help as a guideline for the definition of development
methods for dynamic and mobile systems.

» Advancedtool support for specification as well as consistency checking, prototype
generation, simulation, and verification of dynamic systems with a firm basis.

Apart from thesemore direct benefitsof a mathematicafoundationof software engineering
methodsa scientific foundationis badly neededas a step toward a more systematicstudy of

methodsfor dealingwith dynamicand mobile systemsOnly if we manageio developgeneral
common criteria ta¢comparethe expressivgpower and quality of softwareengineeringnethods
we will be able to free our discipline from dogmatic vipaints and marketing-basegudgments
and thus preparethe ground for scientifically justified and practically tractable systemsand

software engineering methods.
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